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Abstract. We give an improved estimate for the density of fc-free values of integral 
binary forms with no fixed fc-th power divisor. Further, we give the corresponding 
improvement to a theorem of Stewart and Top on the number of power-free values 
in an interval that may be assumed by a binary form. The approach we use involves 
a generalization of the global determinant method of Salberger. 
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1. Introduction 


Let -F(x, y) be a binary form with non-zero discriminant and integral coefficients 
of degree D, such that the largest degree of an irreducible factor f of F over Q is d. 
We say that an integer n is k-free if, for all primes p dividing n, we have f n. In 
general, when k >2, we expect that for a positive proportion of integer tuples {x, y), 
that F{x,y) is A;-free; unless there is a reason for it not to be A:-free. 

For any set S, we denote by #5 the cardinality of S. Write 

(1.1) pi7(m) = #{(A,j) e {O,--- ,m-1}2 : F(i,j) = 0 (mod m)} 


and 

( 1 . 2 ) 

Further, write 


CF,k = n ( 1 “ 


Pf{,p) 


p 


,2k 


NF,k{B) = #{(x,p) e n [l,BY : F{x,y) is A;-free}. 


Suppose that there is no prime p for which divides F{x,y) for all {x,y) G Z^. 
In 1992, Greaves [H] showed that as {x,y) takes on values in [1,BY H Z^, the bi¬ 
nary form F{x,y) as above takes on, asymptotically as B tends to oo, CF,kB^ A;-free 
values whenever k > (d — l)/2. Filaseta improved this for irreducible binary forms 
(in which case D = d in the above notation) to k > (2\/2 — l)d/4 in ng, Hooley, 
in 2009, showed in m that it suffices to take k > (d — 2)/2. This improvement is 
signihcant for small degrees. In particular, it shows that suitable forms of degree 8 
take on inhnitely many cube-free values, a result unavailable until Hooley’s paper. 
In 2011, Browning [6] was able to apply the so-called determinant method to obtain 
that irreducible binary forms satisfying the necessary non-degenerate conditions are 
A:-free as soon as k > 7d/16. The determinant method was pioneered by Bombieri 
and Pila in [2] and greatly extended by Heath-Brown in [2T]. The key to Browning’s 
improvement is an intricate algebraic geometric argument of Salberger in 


Granville showed, subject to the afec-conjecture, that appropriate binary forms ^(a;, y) 
take on inhnitely many square-free values in im. Poonen showed in [39] that general, 
not necessarily homogeneous, binary polynomials F{x, y) with integer coefficients take 
on inhnitely many square-free values assuming the afoc-conjecture. 

For a real number t, let [A] denote the least integer u such that t < u. We ob¬ 
tain the following theorem: 

Theorem 1.1. Let F{x,y) be a binary form with non-zero discriminant of degree 
D >2 with integer coefficients. Let k >2 be an integer. Suppose that for each prime 
p, there exists a pair of integers (xo,po) such that p^ does not divide F(xo,po)- -heA d 
denote the largest degree of a factor f of F over Q. Then whenever 


7d 

18’ 


k > min 
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we have 

(1-3) + o( 

Vlog B 

where 6 = 0.7043 if k = 2,d = Q and 5 = 1 otherwise. 

For example, we have that F{x, y) takes on infinitely many 6-free values for d < 15. 



The value of 5 in Theorem 11.11 for the case /c = 2, ci = 6 is due to Helfgott [25]. 
He obtained a better error term in fll.Op for the cases k = 2 and d = 3,4, 5 as well; 
see page 2 of [25] . 


Stewart and Top in [48] found an application for power-free values of binary forms 
while investigating ranks of twists of elliptic curves. In particular, they proved as The¬ 
orem 1 in ^8] that for F{x, y) a binary form with integral coefficients of degree D > 3 
and non-zero discriminant, there exists a positive constant C for which F assumes at 
least fc-free values in the interval provided that fc > (d — l)/2 or if 

/c = 2, d < 6. The condition k > (d — l)/2 or if fc = 2, d < 6 corresponds precisely to 
the theorem of Greaves in [18] . The argument used to prove Theorem 1 [48] is mostly 
independent of the arguments used in Greaves [T8], whence we can improve Theorem 
1 in [48] by providing a better estimate for fc-free values of binary forms. Analogous 
to [48], we define the counting function Rp^kiB) as follows: 

RF,kiB) = ^ Z : \t\ < B, 3(a;, y) G such that F{x, y) = t,t is fc-free}. 

We then have the following result: 


Theorem 1.2. Let k > 2. Let F{x, y) be a binary form of degree D > 3 with integer 
coefficients and non-zero discriminant, with no fixed k-th power prime divisor. Let d 
be the largest degree of an irreducible factor of F over Q and suppose that 


k > min 


7d 

18’ 



Then there exist positive real numbers Ci and C 2 , which depend on F and k, such 
that if B > Cl, then 

RfAB) > C^B^/^. 

There is an analogous question for polynomials of a single variable. Suppose that 
g{x) is a polynomial with integer coefficients and degree d which is irreducible over 
Q and has no fixed /c-th power prime divisor. Then we expect that g{x) should take 
on infinitely many fc-free values for k >2. Indeed, this was established conditionally 
assuming the a6c-conjecture by Granville inii see also [36]. For larger values of k, 
the investigation goes back to Ricci in 1933 [42], who established that g takes on 
infinitely fc-free values for k > d. Erdos [13], in 1956, showed that k > d — 1 suffices. 
However, Erdos only gave a lower bound and not an asymptotic formula. Hooley was 
able to obtain the exact asymptotic formula in terms of local densities in 1967 [27] . 
This point will be elaborated below. 
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For each positive integer m, define Pg{m) to be the cardinality of the set {i G 
{0, • • • , m — 1} : g{i) = 0 (mod m)}. Put 



which is well defined (that is, the product converges) when k > 2. It is non-zero 
precisely when g does not have a fixed k-th power prime divisor. Write 

Ng^k{B) = #{1 < X < B : g{x) is fc-free}. 

Then, one should expect that 

(1.5) Ng^k{B) ~ Cg^kB. 

Indeed, this was the result obtained by Hooley, under the assumption that k > d — 1. 
A similar asymptotic formula was obtained by all subsequent authors. Nair obtained 
fll.51) under the assumption k > (\/2 — 1) d in 1976 [37]. Heath-Brown obtained fll.Sp 
under the assumption that k > (3d-|-2)/4 in 2006 [22], where he used the determinant 
method. Browning improved Heath-Brown’s result to fc > (3d -|- l)/4 in [6]. We will 
give another proof of Browning’s result in Section [9] as an illustration of our method. 

In order to prove Theorem 11.11 and Theorem 11.21 we generalize the p-adic deter¬ 
minant method of Heath-Brown, as extended by Salberger, to the case of weighted 
projective spaces. Recall that a projective space over a field F is defined as the 
set of equivalence classes of \ { 0 } under the equivalence relation defined by 

X = {Xq, ■ ■ ■ 5 ^^r+l) ~ y = (dO) ■ ■ ■ 5 dr+l) 

if and only if there exists A G F \ {0} such that 

(^Oj ■ ■ ■ ) ^.r+l) (Aj/Oj ■ ■ ■ ; Aj/r+l). 

Let w = {wq, • • • , Wr+i) be a vector of positive integers, which we will call the weight 
vector. The coordinates of the weight vector are called weights. With a given weight 
vector w, we can define the weighted projective space PF(tr'o, • • • j'lTr+i) to be the set 
of equivalence classes of \ { 0 } under the equivalence relation 

X ~ y 

if and only if there exists A G F \ {0} such that 

(xo, • • • , Xr+i) = (A"’°a;o, • • • , A"’''+Wr+i). 

Our Theorem 13.11 generalizes Salberger’s Theorem 2.2 in [45] and Heath-Brown’s 
Theorem 14 in [21]. The generalization of Heath-Brown and Salberger’s determinant 
methods will form the technical heart of this paper. 

We then apply the determinant method mentioned above which applies to the weighted 
projective space setting to the weighted projective surface X defined by the following 
equation: 

(1.6) f{x,y) = vz’^, 

which is a surface in Piq(1, l,d — 2k, 2). Here / is an irreducible factor of degree d 
of the binary form F given in Theorem 11.11 Applying the determinant method in 
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this way allows us to deal with a dimension two subvariety X inside the weighted 
projective space Pq(1, l,d — 2k, 2). This leads to a stronger result than we would ob¬ 
tain by dealing with a dimension three subvariety inside or working with a surface 
in by apriori hxing one variable, which was Browning’s approach. Viewing the 
equation fll.bp as one defining a surface in weighted projective space allows us to save 
one dimension, which is critical to our improvement. 

However, we remark that our approach does not seem to generalize in an obvious 
way to subsequent work by Browning, Heath-Brown, and Salberger dealing with ar¬ 
bitrary projective varieties [7], because we do not know how to deal with projections 
of arbitrary weighted projective varieties onto a hypersurface in a weighted projective 
space of lower dimension. 

The outline of our paper is as follows. In Section [21 we follow closely Salberger’s 
argument in |13] to examine the Hilbert functions of weighted projective hypersur¬ 
faces. This allows us to extend some results found in [9]. Our main result on the 
determinant method is Theorem 13.11 which is stated in Section [3l The second part 
of Theorem 13.11 is analogous to Salberger’s Theorem 2.2 in |15], and the first part is 
analogous to Heath-Brown’s Theorem 14 in [21] . We prove Theorem 13.11 in Sections 
0 and 0 In Sections [7] and El we follow the strategies of Heath-Brown and Salberger 
to apply the results in Sections El to E] to prove Theorem 11.11 In Section El we give 
another proof of Browning’s theorem on k-iree values of polynomials in [B] as an il¬ 
lustration of our approach. Finally, in Section EDI we give a proof of Theorem 11.21 
which is a consequence of Theorem 11.11 and the argument found in [48] . 

Acknowledgements. The author thanks Professor P. Salberger for providing the 
author with a copy of his preprint [45]. The author thanks his Doctoral Advisor 
Professor C. L. Stewart for introducing him to this problem, many years of encour¬ 
agement, and for his patient and thorough readings and corrections which improved 
the quality of this paper immeasurably. This work would not be possible if not for 
his efforts. The author also thanks the University of Waterloo and the Government 
of Ontario for providing hnancial support while this work was being completed. 


2. Hilbert functions on weighted projective varieties 

In this section, we work out some basic notions of Hilbert functions and weighted 
homogeneous ideals needed for the rest of the paper. Salberger relied on the analo¬ 
gous results in the projective case for his results in [44] . 


Let A be a hxed held of characteristic zero. We write a. = (uq, • • • ,«r-i-i) to de¬ 
note a sequence of non-negative integers, and for x = (xq, • • • , Xr+i) we write 


X = X, 


ao 


■X. 


<^r+l 
r+1 * 


Let w = {wq, ■ ■ ■ , Wr-i-i) be a weight vector and let u be a non-negative integer. For 
a monomial x“ = ■ ■ ■ x'^'^i , dehne the weighted degree of x“ with respect to w to 

be 


OL • W — O^qXUq 
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We say a polynomial F G K[xo, ■ ■ ■ ,Xr+i] is weighted homogeneous (with respect to 
w) of weighted degree u if for each monomial x“ that appears in F with a non-zero 
coefficient, the weighted degree of x" is eqnal to u. Dehne the set K[xq^ - ■ ■ , Xr+i]w,« 
to be the collection of weighted homogeneons polynomials with weight vector w whose 
weighted degree is eqnal to u. We say that / C K[xq, ■ ■ ■ ,Xr+i] is a weighted homo¬ 
geneous ideal (with respect to w) if I is generated by a set of weighted homoge¬ 
neons polynomials with respect to the weight vector w. If J C K[xo, ■ ■ ■ ,Xr+i]w is a 
weighted homogeneons ideal with weight vector w, then the set given by 

lu I k^xq, ■ ■ ■, 

is a i^-snbspace of K[xo, ■ ■ ■ ^Xr+l]^^v,u■ Like in the projective case, we can dehne the 
Hilbert fnnction of I to be 

'Hi{u) = dimx(iL[xo, • • • , Xr+i]w,«/4)- 

We can dehne a graded order < on K[xo,--- ,Xr+i] by the following: for a = 
(tto, • • • , ttr+l), /3 = (/3o) • • • ; /^r+l) ^ we have ck > /3 if WqUq -|- • • • -f Wj-dr + 

Wr+idr+i > wqI3q + - ■ ■ + Wr(dr + u}r+ildr+i- If there is a tie, i.e. woaQ + - ■ - -^Wr+idr+i = 
-f- • • • -1- (dr+i, then we take ck > /3 if a^+i — /5r+i > 0. If the weighted snms are 
eqnal and dr+i = /dr+i, then we compare and [dr- This continnes nntil we break the 
tie, so this ordering is a total order. Under this ordering, we can dehne the leading 
term of a given polynomial. 

Definition 2.1. Snppose 

F{Xo, • • • , Xr+l) = ^ C^x^ G K[xo, • • • , Xr+l] 
y^-f3=u 

is a weighted homogeneons polynomial with respect to the weight vector w of weighted 
degree u. Snppose x“ is a monomial which appears in F with non-zero coefficient 
and which is maximal with respect to the total order <. Then, we say that x“ is 
the leading monomial of F. If we inclnde the coefficient Cq of x“, then Cax" is the 
leading term of F which we write as LT(F). 

Write (LT(J)) to denote the ideal generated by the leading terms of polynomials 
in /. Onr hrst resnlt is the following: 

Proposition 2.2. Let I C K[xo, ■ ■ ■ ,Xr+i]w be a weighted homogeneous ideal. Then 
I has the same Hilbert function as (LT(J)). 

Proof. The argnment is identical to Proposition 9 in Chapter 9 of [9]. □ 

Remark 2.3. The choice of the ordering < does not matter in Proposition 12.21 
We have 

PLiiu) = 'Hlt(/)('w). 

With this characterization, we can dehne for each i G {0,1, • • • , r -|- 1} 

( 2 . 1 ) (Tj^iiu) = ^ [di- 

f3-w=u 

x^^LTp) 
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From the definition of the Hilbert function, there are 'Hi{u) many monomials that 
are not the leading monomial of any polynomial in /„. Thus, it follows immediately 
that 

WQaifl{u) H-h Wrai^riu) + Wr+iai^r+i{u) = uHi{u). 

Now by Theorem 3.4 in m, the Hilbert series of a hypersurface generated by a 
form F of weighted degree d with respect to the weight vector w is given by 

(1 — x'^) 

(1 — x"'o) • • • (1 — 

From here on, we shall assume that our weight vector w has the property that the 
gcd of any r + 1 of the weights is equal to 1; such weight vectors are said to be 
well-formed. This distinction will be automatic in the relevant weight vectors in our 
paper; see Theorem 14.1[ Thus, by examining the poles of the function above and 
noting that wellformedness allows us to conclude that there is only one pole of order 
r + 1, we see that the w-th coefficient is of the form 

diT 

(2.2) Ui{u) = —^ -+ 0,(d" + dV-i), 

r\wo ■ ■ -Wr+l 

where the constant in front of the big-O term depends only on wq, •'' > w^+i- 


The argument in the proof of our next result. Proposition 12.41 was inspired by a 
discussion on MathOverfiow with Richard Stanley |1B]. In particular, the construc¬ 
tion of the generating function used below was suggested by Stanley. 


Proposition 2.4. Let K be a field of characteristic zero and < be the graded mono¬ 
mial ordering as before. Suppose F(xo, • • • ,Xr+i) G iF[xo, • • • ,Xr+i] has weighted 
degree d, with leading monomial x". Set I = {F). Define cj^rniu) as above. Then 

0'l,m{u) = ai^rnUHfiu) -|- Or{dL~^ + d^u"^), 


where 

(2.3) 

for m = 0,1, • • • , r -f 1. 


(^I,m 


d ITmUm 
(r l)wmd 


Proof. Suppose that is a monomial of weighted degree u with respect to the weight 
vector w. Then x^ G (LT(/)) if and only if x“|x^. Hence, we need to count those 
monomials x^ = Xq“ • • • of weighted degree u such that at least one of the 
exponents fii < ai. Write to indicate a summation taken over those /3 = 

(/So, • • • , fir+i) £ such that Wq/So + • —I" Wr+ifir+i = u and that fij < aj for some 
0 < j < r -|- 1. Our goal, then, is to evaluate the sum 

for each 0 < m < r -|- 1. To do this, let us define: 

T^u) = /3„. 

f3-'w=u 

Pj<aj 
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Define the function 


y') 


1 + xy'^i +-h ^ 

-2/"'*)](l -3^2/"'"')' 


We then take the derivative with respect to x and evaluate at x = 1 to obtain 
(2.4) 

d , , y'^i + H-h (a^ - (i + ^-^ 


y^j,m\x=l 




Note that T^{u) is equal to the coefficient of y^ in the series expansion of the expres¬ 
sion above around 0. The hrst summand above has a pole of order r + 1 sX y = 1, 
while the second summand has a pole of order r -|- 2. Therefore, the coefficient will be 
dominated by the contribution from the second summand. Nevertheless, we analyze 
the contribution from the pole of order r -|-1 to get an explicit coefficient for the big-0 
term. We wish to hnd the coefficient 6_r-i of the Laurent series of the hrst summand 
at ?/ = 1, which is given by 


1 / (1 - zY{z^i + 2^2«'^ + • • • + (ttj - 


2'xi 


dz. 


{I - - z^Y 

We can evaluate this using Cauchy’s integral formula, from which it follows that 

ajiyUj — 1 ) 


b—r—l 


2 Ut^j wt 


Observe that aj{aj — 1) < Thus, it follows that 6_r-i < d^. 

Using the same approach, we can calculate the coefficient C-r -2 of the Laurent series 
of the second summand in (12.41) . 


1 

27ri 


(1 - zY+Y^ + z^^ + ■■■ + 

(I- z^Y 


dz, 


and get that 




C—r—2 — 




Thus, TYiu) is asymptotically given by 

tti 


u 


r+l 


(r + l)! 

for j 7^ m. For the case j = m, we have 

1 + xy'^^ +-h (a;|/"'"‘)""‘“^ 


so that 

( 2 . 6 ) 




, Gm,m{x^ y')\x=l 
dx 


y + 2y‘^ + --- + {am- l)|/°’"~^ 
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The pole at i/ = 1 is only of order r +1 as opposed to r+ 2. By examining the Laurent 
series of (12.511 and evaluating the — (r + l)-th coefficient, we see that the contribution 
from the pole of order (r + 1 ) is equal to 

Um(Um f) 

Observe that this is bounded from above by (P. 


We now consider sums of the form 


where the symbol 2, indicates the sum is taken over those (3 such that there exist 
at least two indices for which (3i < a* and (3j < aj. Noting that aj < d for 
0 < j < r + 1 we see that the contribution from these sums is at most where 

O 3 is an absolute constant. The existence of such a C 3 follows from analyzing the 
order of poles as above and applying Cauchy’s integral formula as above. Thus, by 
the inclusion exclusion principle, we see that for 0 < m < r + 1 


0<j<n 


[ W{)aQU 


r+l 


V F+i)' 


+ ■■■+ 


Wr+lOir+lU 

(r + 1 )! 


r+l 


r+l 


{d 

{r + l)\Wm]Yttlwt 


+ 0 ,(d^ + dV). 


(r + l)! / 


+ 0 ,(d'' + dV) 


Hence, for 0<m<r + l, we have 


/ \ _ WmOlm)U , j, 2 r", 

"7 ' rVj pTn 1“ Or{d + d It ) 

Now, recall that u'Hi{u) = ——^+1 - Or{d!' + d'^u^), and hence we have, for 


0 < m < r + 1 , 




d WjYiOtra 


(r + l)wnid 
This completes the proof of Proposition 12.41 


uUliu) + Or {dr + d+’’) . 


□ 


3. The determinant method 

In this section we lay out the necessary notation for our results and state our main 
technical theorems. From now on we will assume that the underlying held is Q, unless 
otherwise stated. For brevity we put P(w) = PQ(t(;o, • • • ,iTr-i-i)- We are not able to 
deal with general weighted projective spaces. Indeed, our arguments require at least 
two of the weights be equal to 1. We shall assume that Wq = Wi = 1. 

Let I be the weighted homogeneous ideal generated by a primitive weighted ho¬ 
mogeneous form 

F(xo, • • • ,x^+i) e Z[xo, • • • ,Xr+i], 
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of weighted degree d, and let X be the corresponding hypersurface dehned by F. 
Let the height of F, denoted by ||F||, be the largest absolute value of the coefficients 
of F. Let < be the monomial grading as in Section O giving rise to the constants 
a/, 0 , • • • , a/,r+i as in (I2.3p . Let B = (Fq, • • • , -Br+i) £ be an (r + 2)-tuple of real 
numbers of size at least 1. Our goal is to count rational points x = (xq, • • • , t^+i) on 
the hypersurface X, dehned over P(w), such that 


\xi\ < Bi, 0 < / < r + 1. 

Let us write 


W = W2- ■ -Wr+l, 

(3.1) V = BQ---Br+i, 
and 

r+1 { w\ 

(3.2) fL= . 

Further, we will only be concerned with those rational points x G X with integral 
representation (xq, • • • ,Tr+i) satisfying gcd(xo,xi) = 1. Note that any such integral 
representative is necessarily primitive. Let us write X(Q; Bq, ■ ■ ■ , Br+i) = X(Q; B) 
for the set of rational points on X with an integral representative ( xq , • • • iXr+i) 
satisfying |xi| < Bi and gcd(xo,xi) = 1. Sometimes we will wish to count a subset 
of X(Q; B) satisfying a certain set of congruence conditions. For each prime p, let us 
write Xp for the hypersurface dehned by reducing X modulo p, viewed as a variety 
over Fp. Let V = {pi, • • • ,pt} be a set of primes, and let ^ = (Pi, • • • , Ft), with 
Pj G Xp^. Then we write 

X(Q; B;fp) = {x G X(Q;B) Pj (mod Pj), 1 < j < t}. 


A hypersurface X C P(w) is geometrically integral if it is reduced and irreducible 
over the algebraic closure of Q; see Hartshorne |T9], p. 82 and p. 93. 


Theorem 3.1. Let B = [Bq,-- - ,Br+i) G be a vector of positive numbers of 

size at least 1 and let w = (1,- ,tar+i) be a vector of positive integers. Let 
X be a hypersurface in P(w) which is irreducible over Q and defined by a primitive 
weighted homogeneous form F in Z[xo, • • • , Xr+i] of weighted degree d with respect to 
w. Let I = (F) be the weighted homogeneous ideal generated by F. Let V be a finite 
set of primes and put 

Q = Wp 

peV 

For each prime p in V let Pp be a non-singular point in Xp and put 

^ = {Pp : p G P}. 


then there is a hypersurface T(fp) containing X(Q;B,^), not containing X 
and defined by a primitive form G G Z[xo, • • • , 3 :^+ 1 ], whose degree satisfies 

degG ^ Or (d^(l + logKQ)) , 


(3.3) 
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and whose height satisfies 

(3.4) \og\\G\\=Or{d^^-\logVQY+^). 

(b) If X is geometrically integral, then there exists a hypersurface Y (^) con¬ 
taining X(Q;B,^), not containing X and defined by a primitive form G G 
Z[xo, • • • ,Xr+i\, whose degree satisfies 

degG = Od,r ((1 + logV^Q) . 

The second part of Theorem 13.11 is a generalization of Salberger’s Theorem 2.2 in 
[45] to the case of weighted projective hypersurfaces, and the first part is a general¬ 
ization of Salberger’s Lemma 2.8 in [45]. Lemma 2.8 in [45] is itself an extension of 
Heath-Brown’s Theorem 14 in [2l]. We note that, unlike earlier formulations when 
Q > 2W, the dependence of the logarithm of the height of G on the degree d and 
the dependence of the degree of G on the degree d of F is explicit with the remaining 
constant depending only on the dimension r. 

M. Walsh was able to obtain an improved version of Theorem 1.1 of [45] in [49] . 
This corresponds to the case P = 0 in Theorem 13.11 His improvement was to show 
that one can obtain a saving of log(||F|| -|- 1)||F||“'’ estimate for the 

degree of the form G. 

Theorem 13. II is the main technical result of this paper. We will use it to carry out an 
inductive argument similar to Salberger’s proof of Lemma 3.1 in his paper [45] . 

We will complete the proof of Theorem 13.11 in the next three sections. 

4. Large divisors oe the determinant 

Our next theorem produces a prime power divisor of a determinant of the form 
det(Mj (^;)), where Mi, • • • , Mg are monomials of the same weighted degree and where 
e Z'-+2, 1 < / < s are all congruent to a point P G Xp. The additional assumption 
that these tuples are congruent to some point P E Xp as opposed to the weaker 
assumption that they are merely congruent modulo p gives the extra geometric in¬ 
formation that allows us to produce a divisor which is larger. Indeed, if we assume 
only that (mod p) for 1 < j, / < s, then by taking differences of columns 

we can produce a factor of p in each column, thereby allowing us to conclude that 
p^~^\ det(Mj(^;)). However, our next theorem shows that for sufficiently large s, we 
can produce a larger power of p which divides det(Mj(^;)). We aim to establish the 
following: 

Theorem 4.1. Let w = (1, 1,W2, ■ ■ ■ ,Wr+i) be a weight vector, p be a prime, X be 
a hypersurface of degree d in P(w), and P be an Fp point of multiplicity mp on Xp. 
Suppose there are s distinct primitive (r -)- 2)-tuples of integers on X 

Cl; ■ ■ ■ ; Cs 

with reduction P, such that gcd(^o,u Ci,«) = 1 for I < I < s. If Mi,-■■ , M^ are 
monomials in {xq, ■ ■ ■ ,Xr+i) of the same weighted degree, then there exists a positive 
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number K{d,r), depending on d and r, such that the determinant of the s x s matrix 
is divisible by , where 

1 . 

( ip] \ r p 

- ) ■-• — nid, r)s. 

mp J r + 1 

If P is non-singular, so mp = 1, then there exists a positive number K'{r), depending 
only on r, such that 

N > — K'{r)s. 

We will prove Theorem 14. ll bv means of the next two propositions; corresponding to 
Lemmas 2.3 and 2.4 respectively in [H]. We note here that for the proof of Theorem 
14.11 we reqnire that two of the weights be 1. This is the only part of the paper where 
we need to make snch an assnmption. 

Proposition 4.2. Let w = (1,1, • • • ,tCr+i) be a weight vector, X a hypersurface of 
degree d in P(w), p a prime and P an ¥p-point of multiplicity mp on Xp. Write A 
for the local ring of regular functions at P and m for the maximal ideal of A. For 
each positive integer t put gx,pif) = dim^i/n, Then, we have 

If mp = 1, then we obtain the more refined assertion that 

9XPit) = + Or{p-^). 

Proof. Write B = By dehnition, the projectivized tangent cone at P 

t>o 

is dehned to be the Proj(i3), see Exercise III-29 in [12]. Since A/m = Fp is a held, it 
follows that gx,p{i) is precisely the Hilbert fnnction of the projectivized tangent cone 
at P, say Wp. Note that Wp is a snbvariety of the Zariski tangent space of X at P, 
which is isomorphic to PJJ. . Hence, we can consider the homogeneons ideal of Wp, 
which is generated by Ci{d,r) many forms; see HI.3 of [35]. Note that this bonnd 
depends only on d and r. Following Lemma 1 of [1], we may choose a Groebner basis 
of forms of degree C^{d, r) for the homogeneons ideal of Wp. By Proposition 12.21 the 
Hilbert fnnction does not change if we replace this ideal with the ideal generated by 
its leading terms. Hence, there are only hnitely many candidates for Hilbert fnnctions 
of Wp for points P of mnltiplicity m < d. More precisely, the nnmber of candidates 
is bonnded by the nnmber of monomials in r — 1 variables of degree at most C^{d,r). 
Thns, there are at most CQ{d,r) snch fnnctions. 

Let ns now hx a particnlar 

gxA^) = + OpA'A- 

(r- 1 )! 

To obtain the estimate for the coefficient in front of the big-O term, one notes that 
there exists a polynomial Q{x) with integer coefficients with Q(l) 7 ^ 0 snch that the 
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Hilbert series of the projectivized tangent cone is given by 

Q{x) 

(1 - xY' 

see Chapter 9 of [9]. From here we see from Proposition 12.41 that the error term is at 
most an absolute constant times Since mp < d, the claim follows. 


If mp = 1, then it is known (see III.3 in [35]) that the ideal of the tangent cone at P is 
generated by a single polynomial of degree 1. Hence, we can replace C^d, r), C^d, r), 
and CQ{d,r) with numbers that depend at most on r. □ 

We shall denote by Zp the ring of p-adic integers. Let i? be a commutative noe- 
therian local ring containing Zp as a subring, TZ = R/pR, and m be the maximal ideal 
of TZ. We then have the following proposition: 


Proposition 4.3. Let {ni{TZ))'Y,i be the non-decreasing sequence of integers t > 0, 
where t occurs exactly dimp/,T^ times. Let ri, • • • ,rs he elements of R and 

<Pi, • • • ,(ps be ring homomorphisms from R to T^p. Then, the determinant of the s x s 
matrix {pi{rf)) is divisible by for H(s) = ni{TZ) + ■ • • + ns{TZ). 

Proof. This is the same as the proof of Lemma 2.4 in [Hj. □ 


Proof. (Theorem |TTD Let R denote the ring of rational functions over Zp with respect 
to the weight vector w = (1,1, W 2 , • • • , tfr+i) and TZ = R/pR.. Since gcd(a;o, xf) = 1, 
there exists some index j = 0,1 such that p \ Xj. Without loss of generality, suppose 
that p \ xq. Then we can replace Mj{xo, • • • , Xr+i) with 


M,- 


O/n 




Wr+l 


Xq Xq Xq 

without changing the p-adic valuation of det(Mj(^;)). These rational functions are 
elements of R. We consider the evaluation maps at the points ^i, • • ■ , which are 
homomorphisms from R to Zp. Since Zp C R, the conditions for the ring appearing 
in Proposition 14.31 is satished. Thus it follows that 


It remains to estimate H(s). Let g = gx,p be as in proposition 14.21 and set G(t) = 
g{l) + ■ ■ ■ + g{t). Since g{t) = mpP ~^/(r — 1)! + Od,riL'~Yi follows that 

G(t) = !!^ + o (t-i). 
t\ 

By the dehnition of g and {ni(7Z)), it follows that 


A{G(t)) — g{l) +-h tg{t) — 

and explicitly we have 



mpf~^^ 




(r + l)(r — 1)! 


+ Od,r{G), 


mpf 


T\ 


+ Od,r{t 


r— In 


+ Od,r{G)- 
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Multiplying by r/(r + 1) gives 

( fit ) '^***‘^'+ o^AGit)), 

since f = Od,riG{t)). The fact that 

= {a^) + G^AA 

follows from the observation that if t is the unique integer such that G{t — 1) < s < 
G{t), then 

0 < A(G(f)) - A(s) < tg{t) < + Od,riG~^) <rs + Od,r{s^~^), 

and 

0 < - s'+L < G{tY+"- - G{t - 1)1+^ = OdAG) = OdAs)- 

If mp = 1, then by Proposition 14.21 the constants in front of the error terms may be 
replaced with a number which depends on r only. □ 

We now proceed to give estimates for products of various ‘bad’ primes with respect 
to a geometrically integral hypersurface X C P(w). 

Definition 4.4. Let X be a geometrically integral hypersurface in P(w) of degree d. 
We write nx for the product of all primes p for which Xp is not geometrically integral. 

Let us denote by Rr+i{d) the number of distinct monomials in Xq, • • • ,Xr+i of 
weighted degree d with respect to the weight vector w = ( 1 , 1 , W 2 , • • • , tfr+i)- 

The next lemma allows us to capture whether a given polynomial is irreducible over 
Q or not by considering a finite set of universal polynomials. This was first proved 
by Salberger in [H], and Lemma [4.51 below is essentially the same as Lemma 1.8 in 
|45] . except over weighted projective space. 

Denote by Sd the set of vectors (3 G 'SIAq such that /3 ■ w = d. Note that 

ASd = Rr+xid). 

Let the elements in Sd be enumerated by (3i, • • ■ , 

Lemma 4.5. Let K he an algebraically closed field and d be a positive integer. Then 
there exists a finite set of universal forms 

<hi(ai, • • • , ap^^pd)), • • • , *hi(ai, • • • , ap^^pd)), 

with the following property. Whenever the variables aj take values in K, the form 

Rr + l{d) 

• • • , Xr+l) = 'Yh 

i=i 

is absolutely irreducible over K if and only if ■ ■ ■ , ap^_^pd)) 0 in K for some 

i e {I,--- ,t}. 
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Proof. First, we remark that weighted projective space can be realized as an abstract 
projective scheme by considering a grading corresponding to its weight vector. See 
Miles Reid’s conrse notes SB- Thus, let Elfc denote the Hilbert scheme of degree 
k hypersurfaces in P(w). Since these hypersurfaces are dehned by polynomials of 
degree k, there is a natural morphism between Elfc x M^-k and 111^. Let Vk denote this 
morphism. Then, 

Rr+l{d) 

F(Xo, • • • , Xr+l) = ^ 

i=i 

has a factor over K of degree k if and only if the corresponding iF-point on Hrf lies 
in Vk{M.k X ]HId_fc). Also, since Elfc x is a projective scheme, Vk{M.k x must 

be a closed subset of IHI,^ by the main theorem in elimination theory in Chapter 3, 
Section 1 of [9]. The union of Vk{M.k x over k = 1, ■ ■ ■ ,d — 1 must be a closed 

subset of Hrf dehned by a hnite set of forms 

over Z such that F is absolutely irreducible over K if and only if $j(ai, • • • , = 

0 for all 1 < i f in iF. This completes the proof. □ 

Remark 4.6. By [3l], the Hilbert scheme of a projective scheme depends only on 
the grading used to order monomials and so it is independent of the underlying held. 
Since we have chosen a grading using N, the resulting universal polynomials in Lemma 
14.51 will have integral coefficients. See Theorem 1.1 in [20] . 

The next lemma gives an upper bound for nx in the case when X(Q;B) is not 
contained in another hypersurface of the same degree as X. 

Lemma 4.7. Let X C P(w) be a geometrieally integral hypersurface of degree d and 
B = {Bq, • • • , Br+i) G Then one of the following statements hold: 

(a) X(Q;B) lies in a hypersurface Y ^ X of degree d, 

(b) logvTx = Od,r (1 + logH). 

Proof. Let F{xo, ■ ■ ■ ,Xr+i) = a^x^j be a primitive integral form dehning X 

and 

*^1(01, • • • , aR^_^pd)), • • • , <Ft(ai, • • • , aR^_^_pd)) 

be the values of the universal forms in Lemma 14.51 of the coefficients Oj of F. Then 
<hi(ai, • • • 7 ^ 0 for some i G {1, • • • ,f}, as X is geometrically integral. By 

applying Lemma 1431 to Fp, which is F reduced modulo p, and setting K = ¥p for the 
prime factors p of (oi, • • • , (rf)), we see that nx is a factor of $j (oi, • • • , ^ (rf)). 

Note that the degree D of 4)j and the height ||<Fj|| are bounded in terms of d and r. 
Write S = #X(Q;B) and s = Rr+i{d). Form the S x s matrix A4, where the 
rows correspond to the points Xi, • • ■ , X 5 G X(Q; B) and the columns correspond to 
the monomials of weighted degree d. Then the vector f G Z^ corresponding to the 
coefficients of F satishes Adf = 0, whence the rank of Xi is at most s—1. Let s' < s —1 
denote the rank of Xi. Then, for any (s' + 1 ) x (s' + 1) minor Xi' of A4, we have 
det Xi' = 0, while there exists some s' x s' minor Xi" of Xi such that det Xi" 7 ^ 0 . 
Without loss of generality, assume that Xi" consisting of the hrst s' columns and s' 
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rows of M is such that det M" 7 ^ 0. Then, by taking the (s' + 1) x (s' + 1) minor M' 
consisting of the hrst s' + 1 columns and s' + 1 rows of we have that 

(4.1) detAf' = 0. 

Expanding det M' along the right most column of M', we see that fl4.ll) implies 
that there exists an integral vector g G Z^, whose entries are at most such that 
Mg = 0. Let G be the corresponding weighted form. Note that G is not the zero 
form and has degree d. Further, G vanishes on X(Q; B). Hence, if (a) does not hold, 
G must be a constant multiple of F. Thus, it follows that 

(4.2) ||F|| < (i?,+i(d))!l/''^’-+i(^) 

where the implied constant is absolute. Thus, there exists Gg(d,r) such that 

Therefore, since tix divides $,( 01 , • • • , we have 

logTTx = Od,r(l + logH) 

if (a) does not hold, as desired. □ 

5. Proof of Theorem 13.11 Preliminaries 

In the next two sections we complete the proof of Theorem 13.11 We will extend 
arguments from Section [3] to obtain an analogue of Salberger’s Lemma 1.4 in [45], 
which is stated as Lemma 15.11 below. The argument in the proof of Lemma 15.11 is 
essentially the same as the proof of Lemma 1.4 in |3S|; Walsh also proved a similar 
result in [4^ . 


For a given point P on Xp let mp denote the multiplicity of P. Next, let us write 
Up = where the sum is over all points P E Xp. 


Lemma 5.1. Let X be a geometrically integral hypersurface in P(w) of degree d, and 
let p be a prime for which Xp is geometrically integral. Suppose there exist s primitive 
(r + 2 )-tuples of integers 

) ■ ■ ■ ■} 

representing elements of X(Q; B). Let Mi, • • • , Mg be monomials in (xg, • • • , Xr+i) 
with integer coefficients and the same weighted degree. Then, there is a positive num¬ 
ber K(d, r) which depends on d and r, such that the determinant of the s x s matrix 
formed by the entries Mj(^i) is divisible by p^ with 


N > (r\f/^ 


rp ^ ^ 

^ + 1 ny^ 


n(d, r)s. 


Remark 5.2. The number K(d,r) is the same as in Theorem 14.11 


Proof. Let P be an Fp-point on Xp. Write Ip C {1, • • • , s} for the set of indices I 
such that -\-pZ^~^‘^ represents P, and write sp = if Ip. Then, by Theorem 14.11 there 
exists a non-negative integer 


mp 


^ l+l/r 


— n(d, r)sp, 


(5.1) 


Np > 


1/r 
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such that det(A^p), where M.p is a. sp x sp submatrix of M. with second indices 
I & Ip. By Laplace expansion, we can express A as follows: 


A = ^ sgn(A^p, A^p) det(Alp) det(Alp), 


where the sum is over all sp x sp minors Aip along the indices in Jp and AI'p is 
the complementary minor of Alp. We can iterate this process with each Alp, which 
consists of rows with indices in the set {1, • • • , s} \ Ip- Each iteration yields a divisor 
of A which is independent of . Hence, we get that p^|A, where 



l-M/r 

bp 



K{d, r)s. 


By Holder’s inequality, we get that 


l/(r+l) 


s = 5^sp< 5^mp ^ 


_l+l/r ' 


r/{r+l) 


P 


p rup 


l/r 


Re-arranging, we obtain 


Thus, we have that 


as desired. 


E 


l+l/r ^1+1/r 
> ' 


p rrip 


l/r — l/r 


N > —^-—7 - K{d,r)s 

- ^ ^ r + 1 nl'^ 


Ur, 


l+l/r 


□ 


We now draw on some results of Lang and Weil in [3D] on the number of points 
of algebraic varieties over hnite helds. Let us dehne Xp ^ng to be the singular locus 
of Xp. By the theorem of Bezout |T 6 |, the sum of the degrees of the irreducible 
components of Xp^sing is bounded in terms of d and r. Hence, by Lemma 1 in [30], we 
have #Xp,sing(Fp) = and 

Y^irnp - 1) < (d - l)#Xp,,i„g(Fp) = 

p 

Further, since Xp^sing is dehned by the partial derivatives of the polynomial dehning 
Xp, the degree of Xp^sing is at most d — 1. In particular, there are at most d — 1 
components of Xp^sing, whence the constant in the big -0 term is at most d^. 


Theorem 1 of [DD] states that #Xp(Fp) = p'' + 0{d?p^ hence 

np = p^ + 0{d?p^~^^‘^). 

More specihcally, the implied constant is at most d? by the argument in [DO]- Note 
that for all real numbers a G M>o, we have a — 1 = 1 ), and 

so — 1| < |a — 1|. Thus, = p + 0(dp^/^). We summarize this as a lemma: 

Lemma 5.3. If Xp is geometrically integral, then = p -h 0(dp^/^). 

We are now ready to complete the proof of Theorem 13.11 
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6. Proof of Theorem I3.lt Completion 
Let S = and let 


be primitive integral (r+ 2)-tuples representing elements of X(Q; B;^). Let I be the 
weighted homogeneous ideal generated by F in Z[xo, • • • , x^+i]. For a positive integer 
s, let u be the positive integer such that 'Hi{u — 1) < s < By fl2.2p . it follows 

that 

S = + Or (l + Or (w(r~^U~^ + wdu~^)) , 


r\w 


r\w 


hence 


( I \ i/'” 

—j = U (l + Or{wF~^U~'^ + wdu~^)) 

Let Cj{r) be a positive number that represents the coefficient in front of the big-0 
term above. If 

Cj{r){wd'~~^u~'' + wdu~^) > 1, 

then it follows that for some non-negative number Cs{r) that 

u < Cs{r){wd^~^ -|- wd), 

hence we have m(1 -|- Or{wd''~^ + wdu~^)Y/'^ = Or{w^/'^dI'). Otherwise we obtain, by 
the binomial theorem, 


-iNllA 


( 6 . 1 ) 


=U^Or {d^^-^U-’^ + , 


where we used the fact that w < df. Further, we shall assume that u > d^, so fib.ip 
becomes 

= R + 0 ,(d). 

Equivalently, we obtain 

1 

5^-1-* Ox (c?) • 

Observe that 

Uiiu) - UAu - 1) = ~ ~ + Oridd + dV-M = OrijF + 

r\w 

hence by our choice of s, we have 

- s = oq<i’'+ . 


(6.3) 


u = 


w ■ r! 
d 



Therefore, 

(6.4) 
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uHi 


[u)= + (s + 0,K + rfV-')) 


I ^ 1/^ 

w ■r\ \ ' 1,1 ^ 1 

^ + Or {ds) 


Let Ml, M 2 , • • • , Mg be distinct monomials of weighted degree u which are not lead¬ 
ing monomials of any element in J = (F). These monomials are linearly independent 
over Q, and any Q-linear combination of them is not a multiple of F. 


Set 

OT = (M,te))ia<.. 

1<1<S 

If S' < s, then DJI has rank at most s — 1. Hence, DJI has a non-trivial kernel, so there 
exists a vector g G such that 

OTfg = 0. 

Such a g gives rise to a form G such that for all x G X(Q; B; ^), we have G(x) = 0. 
Thus G dehnes a hypersurface Y such that X(Q; B; fp) C F and degF = u. 

We now assume that S > s. If we can prove that for any s x s minor Ai of DJI 
has determinant equal to 0, then DJI has rank at most s — 1. This is the goal we 
devote the rest of this section to. We choose, as we may, Ai to be the s x s minor of 
DJI composed of the hrst s rows, and consider 

A = det Ai. 

We estimate A from above as follows: 

|A| < 

where the ajj{uys are as in equation fl2.ip . By Proposition 12.41 this is equivalent to 
I A| s! '^Or{d'"~^+dJu^) 

Taking logarithms and recalling fl3.2p . this bound becomes 

(6.5) log|A| < u'Hi{u)\og{B^^’Y .. + slogs + Or + dV) logH) . 

We want to express everything in terms of s. Since our results allow for a dependence 
on d and r, we may assume that d^u'” > d^“L By 03.21) . 06.31) . and 06.4p . equation 
06.51) becomes, for some positive Og{r), 

(6.6) log|A| < ^ ^ log W -|-slogs-|-C 9 (r)dslogH. 

We now make a remark regarding the size of W and V. With both of our choices of 
s, with respect to part (a) and (b) of Theorem 13.11 in 06.7p and 06.lip respectively, 
s^/'’ will be larger than log V. Thus, even though log W may be signihcantly smaller 
than log V, the hrst term in 06.61) will constitute the main term. 


We proceed to prove the hrst part of the theorem, where we have the hypothesis 
that 
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Choose s to be 

(6.7) s=\C,o{r)d^il + \ogVQY], 

where C'io(r) is a positive number which will be chosen later. For each prime p, write 
I'Ip for the p-adic valuation on Q, normalized so that \p\p = p~^. For convenience, let 
us write 

'P = {Pi,--- ,Pt} 

and 

where P* is a non-singular point on Xp^ for each i, 1 < i < t. Theorem 14.11 gives that 

-log|A|p, > —s^+^/^ogpi - logpi. 

r -f 1 

Observe that 

(6.8) - ^ log| A|p, > ^ log Q - A'(r)s log Q. 

i=l 

By fl6.6p and fl6.8p . there exists a positive number C'ii(r) such that 

* pp 

(6.9) log|A| + VloglAlp, < —s^+^/Mog—+ C'ii(r)dslogl/Q. 

r + 1 Q 

2 = 1 

Hence we may choose a positive number C'io(r) which depends on r such that whenever 
s > Cio{r)dYl + log HQ)'’, we have 

C'ii(r)dslogl/Q < 

This is the appropriate choice for the purpose of fl6.7p . Then, we see that 

* rir'FP 2 W 

(6.10) log| A| + log| A|p. < ——log 

“ r + 1 Q 

2=1 

Hence, for Q > 21V and s satisfying fl6.7l) . we have 

A = 0. 

This implies that A(Q; B, fp) is contained in a hypersurface V (Pi, • • • , P*) satisfying 

deg Y = Or (d log VQ) , 

dehned by a primitive form G. To estimate the height of G, we argue as in Lemma ITTl 
Let s' < s — 1 denote the rank of Then, from evaluating all (s'-|-1) x (s'-f-1) 

sub-determinants by expanding along a row, we see that the height of G is at most 

max I det Ai \ 

where the maximum is taken over all s' x s' minors of This can be bounded 

just as in fl6.6p . so by fl6.7p and fl4.2p . we obtain 

log||G||=0, {d^'^-\\ogVQYY- 

Further, since the monomials which appear in G with a non-zero coefficient are not 
leading monomials of I, F cannot divide G; and thus, X cannot be contained in 
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y(^). This completes the proof of the first part of Theorem 13.11 

For the second part, suppose Q < 2W and that X is geometrically integral. Set 

(6.11) s= [C'l2(d,r)max{Q-^hF^(logl")^(logl")’'}], 

where Ci 2 {d, r) is a number which depends on d and r, and will be specified later; see 
fl6.15p . By fl6.1ip . it follows that 

( 6 . 12 ) u = Od,r {{Q-^W + 1) log VQ) . 

We now consider the two cases given by Lemma ITTl If case (a) holds, we can produce 
a hypersurface Y of degree d, distinct from X, which contains X (Q; B, ip). This is suf¬ 
ficient for the theorem. Thus, it remains to treat the case when ttx = Od,r(l -l-log Id). 
In this case, we have will have two separate divisors of A to estimate; one coming 
from the prime factors of Q, and one coming from primes which do not divide Qttx- 


We now estimate the contribution coming from primes which are co-prime to Qttx- 
For each prime p such that Xp is geometrically integral, by Lemma 15.11 we have 


(r !)' T 


-log|A|p > '' '' ' - K{d,r)s\ogp. 

^ Tip 

We write the sum over the primes p for which p \ Qnx^p < as . By Lemma 
m we have 

(6.13) i^ = log(l + logV^Q) + 0,,,(l). 


p\Qt^x 


p 


Then, by applying Lemma 15.31 and the prime number theorem, we have, for some 
positive numbers C'i 3 ((i, r), C'i 4 ((i, r). 


5^ logi^i 


p — 




[■r!) T 
r + 1 

[r!^ T 


,1+l/r ' 




1 /r 

p<5l/r np 




> ^^- S 

r -|- 1 p 


> 


> 


(r!)iA 
r -t -1 

(p!)!/^ 

r -f- 1 


jl+l/r I jQg s _ p 


• 5: -C,,(d,r)s'*^>’- 


si+iAlogs - Od,.(log(l + \ogVQ)) - C'i 4 (d,r)s'+'/L 


We invoke the bound from equation fl 6 . 6 |) and obtain the inequality 
(6.14) 


log|A|+^log|A|p,+ ^ log|A|p<-^^ 


T+l/r 


log 


2=1 






+C'i5(d,r) (si+'/'’ + slogI/Q), 
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where Ci^{d,r) is a positive number which depends on d and r. Note that 

\ogVQ < log2i/iy 

hence we may choose a positive number Ci 2 (d, r), such that 

(6.15) Ci 5 (d, r) + s log i/Q) < logC*i 2 (d, r). 

Then, equation (16.14^ becomes 

(6.16) log|A| + ^log|A|p. + ^ log|A|p < log 

i=\ 

Hence, 

(6.17) A = 0 
whenever 

s > C'i 2 (d,r) max{Q-"lT"(l + logH)^(logH)"} . 

By our choice of s and Ci 2 ((i, r), this is satisfied. 


C'i2(ci,r)lV- 

Qj-s 


When s is of this size, any set of s (r + 2)-tuples ^i, • • ■ , G X(Q; B; Pi, • • • , Pt) 
satisfies 

A = 0, 

so {Mj{^i)) has rank less than s. This implies that {Mj{^i)) has a non-trivial ker¬ 
nel, whence we may hnd an auxiliary form G of degree u dehning a hypersurface 
Y (Pi, • • • , Pt) such that 

A(Q;B,Pi,---,Pi)cF(Pi,---,Pi). 

Further, since the monomials which appear in G with non-zero coefficient are not 
leading monomials of /, it follows that P cannot divide G. Since X is geometrically 
integral, the hypersurface Y[Pi, • • • , Pt) satishes the conditions of the theorem. This 
completes the proof of Theorem 13.11 


7. Preliminaries for dealing with binary forms 


In this section and the next, we use our results from previous sections to prove 
Theorem 11.11 Suppose we have a binary form F{x,y) of degree D with integer coef- 
hcients. Notice that if fc > d/2, Theorem 11.11 follows from the work of Greaves [T8] . 
Hence, we may suppose that fc > 2 is an integer which satishes 


(7.1) 


7 k 1 
— < - < -. 
18 d 2 


We turn our attention to the following central object 


(7.2) NF,k{B) = i/{{x,y) el? ■. I < x,y < B, F{x, y) is fc-free}. 


We assume that for all primes p, there exists a pair of positive integers (a, 6), such 
that p^ does not divide P(a, h). Our strategy will be to show that subject to 07.111 . we 
have Np^kiB) = GF,kB‘^ + 0{B'^{\ogB)~^), where GF,k is as in (II.2p . This would show 
that P takes on fc-free values inhnitely often. We also note the following observation, 
which follows easily from the dehnition of the Mobius function: 
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^ J F{x,y) is k-iiee, 

2 -^ ^ |g otherwise. 

b*^\F{x,y) K ’ 

For any .^ > 0, we write 

Mi{B) = #{(a;,i/) :l<x,y <B : p^\F{x,y) ^ p > ^}, 
M 2 {B) = ik {{x,y) e I? < x,y < B ■. p^\F{x, i/) ^ p > ^, 3p G ^ 


logi? 


s.t. p^\F{x,y) 


and 


52 


M^{B) = jj^Ux.y) eZ ,l<x,y <B ■.^p> - -n e Z s.t. F{x, y) = vp 

I log 5 

Note that by their definitions we have 

Ml(5) - M2{B) - M^{B) < Np^kiB) < M,{B), 

so it snffices to show that Mi{B) dominates the other two terms. Write 

N{b,B) = i^{{x,y) e Z2 : |a;|, \y\ < B,b^\F{x,y)}. 


We have that 

Ml (5)= p{b)N{b,B) 

beN 

p\b^P<i 

= ^ ^(4W6-)||!+o(^ + i)|. 

beN ^ ^ 

p\b^p<i 

When b is sqnarefree, we have the bonnd 



by Theorem 4 of [13]. It is clear that the fnnction pp is mnltiplicative. Since F is 
a binary form, we see that if F{x,0) = 0 (mod p), then apx^ = 0 (mod p), where 
ap is the coefficient of x^ in F. There can only be finitely many primes p snch 
that p\aD, and for all other primes we mnst have x = 0 (mod p). In other words, 
for all bnt finitely many primes, 0 is the only solntion to F(x,0) = 0 (mod p). A 
similar argument applies for solutions of the form {0,y). Now, suppose that {x,y) is 
a solution such that x,y ^ 0 (mod p). Then, 

Fix,y) = y^F{x/y,l) = 0 (modp), 

and since y ^ 0 (mod p), it follows that this solution arises from a zero of ^( 7 , 1 ) over 
the field of p elements. However, there can be at most D roots to this polynomial, 
which implies that Pf{p) ^ P- For Pf{p’‘), we refer the reader to Lemma 1 of [15] for 
the proof of the bound Pf{p^) "C p^^~‘^. Hence, for any e: > 0 and b square-free, we 
have ppib^) -Ce 52 fc- 2 -i-£_ k > 2, we have 







24 


STANLEY YAO XIAO 


Note that 



is a partial product of an absolutely convergent product, CF,ki and is therefore posi¬ 
tive. 


By setting ^ 


2 k 


log 5, we see that 





p2k J 


+ O . 


We now consider M 2 (5). We refer the reader to Lemma 2 in Greaves [TS], where he 
obtained the bound 

M2iB)=0{B\\ogB)-^), 

for k > d/2 and 

M2{B) = O [B^{\ogB)-^/^) 

for k = 2, d = 6. Helfgott, in [22], obtained the error term 

M2{B) = O {B\\ogB)-^) 

for 6 = 0.7034 • ■ ■. We note that the argument in [TH] deals with essentially one prime 
at a time, so it simultaneously deals with all numbers z divisible by some prime p 
in the interval (.^, i?^(logi?)“^]. An important feature of Greaves’s estimate which is 
not present in the work of any subsequent author, except Hooley [28] [29] , is that his 
estimate for M 2 {B) is independent of any relationship between k and d. All further 
estimates obtained by other authors require a relationship between k and d of the 
form k > Vid + V 2 , where 0 < Ui < 1/2 and V 2 G M. 


To complete the proof of the theorem, it will be enough to show that 

Ms(5) < B^-^ 

for some p > 0, which will be the focus of the next section. 

8. Application of the determinant method and the proof of Theorem 

O 

We estimate the remaining term M^{B) via the generalization of Salberger’s global 
determinant method (see [15]) in the weighted projective case established in earlier 
sections. The argument given here is specialized for the binary form problem. We 
denote by 

= |(x,i/) e : 1 < X,?/ < e Z s.t. f{x,y) = 

for some irreducible factor / of F. Further, write mI^^\b) = j/S^^\B). Since F has 
non-zero discriminant, it follows that 

um < Y. W(B). 

f\F,f irreducible 
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Let US fix an irreducible factor f{x,y) G Z[x, ?/] of F, such that / has maximal 
degree, and write d = deg/. Note that if > d||/||i?'^, then > \f[x,y)\ for all 
(x,i/) G Therefore, cannot divide f{x,y) unless {x,y) = (0,0). Hence, 

we may assume that p < {d\\f\\)^^^ Thus, the relevant range of primes left to 
consider are 




logH 


<P< d\\f\\Bk. 


Following Browning in [ 6 ] , we partition the above range into dyadic intervals of the 
form {H/2,H] where 


By log B <^H <^d\\f\\BF 


Now write 


(8.1) R{f] H, B) = #{(a;, y, v, z) e : f{x, y) = vz^, (x, y) G Sy\B), 
gcd(x, y) = 1, FI/2 < z < H,v B"^/H^, z prime, v ^ 0}. 

Write H = B^, so B'^/H^ = . Summing over these dyadic intervals, we then 

obtain: 


( 8 . 2 ) 


My\B) < log 5 


sup 


2 - 


IorIor B , d 
logs 


l°g(rf|l/ll) 

log B 




Therefore, it suffices to examine the the maximum size of a single R{f; B^, B), as in 
[ 6 ]. Diverging from Browning’s argument, we directly estimate R{f] B^, B) instead of 
passing to the single variable case. We are then left to count the number of integral 
solutions to 


(8.3) F{x,y,v,z) = f{x,y) -vz'^ = 0 

with {x,y,v,z) subject to the constraints in fl 8 . 1 |) . 


Let us denote by X the surface given by fl8.3p . We analyze possible singular points 
in X(Q; B). Recall that a point z = (xq, yo, Vq, Zq) on X is singular if 

dF dF dF, . dF. ^ ^ 

dF dF 

Suppose that - 7 ^( 2 ) = = 0, with z 7 ^ 0. Then, by Euler’s formula, we have 

dx dy 

^ { dF, , dF, , 

= df{xo,yo). 


Since / is irreducible over Q, it has no integral zeroes except (0, 0). Therefore, we see 
that all points in X(Q;B) are non-singular, since it only counts those points where 
the hrst two coordinates are co-prime. 


Let 

(8.4) 


W^(Q; B) = {x G W ; X satishes fl 8 .ip }. 
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In view of Proposition 12.41 we need to compute the constants a^;, a„, with respect 

to the ideal I = {J^). By fIS.lll . we have 

B, = By = B, B, = B, = B^. 


Note that with respect to reverse lexicographic ordering, the monomial vz^ is maximal 
in T. Hence, it follows that 

d-0 

d — {d — 2k) 2k 
^ 3d{d-2k) ^ 3d{d-2ky 


and 


Thus, we have 


Next, note that 


whence it follows 


d — 2{k) d — 2k 
3d{2) ~ 6d 


-^y -^v 


2fc(d—fc/3) I I3{d—2k)\ 
B 3 d(d-2k) 2d ) ^ 


2k{d-k/3) (3{d-2k) d-k/3 (3 

^ d{d-2k) ^ 2d “ d-2k ^ 2 ’ 


{B’^Bl^Bl'^By) 


• 2{d-2k) 
d 


> 1/2 


= [B 


> 1 + 


d-fc/3 , /3 ^ 2 I, 
d-2k 


1 { 2(d-2k) 


. 1/2 


Let us write 
(8.5) 


7p 


If d-k/3 /3\ f2(d-2k)Y^^ 

( d j 


Observe that B'3 corresponds to W in Theorem 13.11 


It is clear that X is geometrically integral. Hence, by Theorem 13.11 there exists 
a surface Y (0) C P(l, 1, d — 2/c, 2) such that 

(8.6) degH(0) = Od,s(5’^+") 

and 

X^(Q;B) CX(Q;B) cy(0). 

We will now show that, in fact, Xp is geometrically integral except for those primes 
p which divide the coefficients of x‘^ and y'^ in f{x, y). Suppose that 

X{x,y,v,z) = f{x,y) - vz^ 

admits a factorization into two weighted forms J^i, over the algebraic closure of 
¥p, where p does not divide the coefficient of x'^ nor y'^ in /(x, y). Note that we must 
have 

J'i(x, y,v,z) = vz^ 3 -h 

and 

X 2 {x, y, V, z) = z^~^ H-h 5ix^' + h 2 y‘^\ 
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since J ^2 are both weighted homogeneous with respect to (1,1, d — 2k, 2). If / < A;, 
then the terms 


d—2k-\-2l ^k—l 


d—2k-\-2l ^k—l 


bix vz ,b 2 y vz ,aix°' z'" ", 021 /" 

must appear in = J^\J -2 with non-zero coefficient, which is plainly not the case. 
Hence, Xp is geometrically integral over ¥p whenever p does not divide the coefficients 
of x^ and y'^. 

Recall the dehnition of tix (Dehnition I4.4p from Section 01 By the preceding ar¬ 
gument, it follows that tix < ||/||- Choose B sufficiently large so that logR > ||/||. 
Let {pi,P 2 , • • • } be the increasing sequence of consecutive primes larger than logR 
for which 

(8.7) pi-■-pt <2B'^ <pi-■-pt+i. 

We now give an estimate for pt+i. Let 

and let us write Qj = Pi - ■ - Pj for j = 1, 2, • • • ,t + 1, with Qq = 1. By the Prime 
Number Theorem, there exists some absolute constant Cig such that 


( 8 . 8 ) 

hence 


Pt+i 


Pt+i < CiQe{pt+i) = CiQ ^ logp, 

p<pt+i 

-Ci6logpt+i< log P+ ^ logp 


< ^(log5) + X^logp + ^logp 

pkx i=i 

= ^(log B) + '^ logp + log Qt 

pIttx 

<C logR, 

since we know that pt+i > logB and therefore we can, by choosing B sufficiently 
large, make sure that Ci^logpi+i < \pt+i- Thus, we have 

(8.9) Qt+i = 0{B^\ogB). 

Since the partial derivative 

OTT 

^k 


dv 


= 


is only divisible by primes S> i?^(logi?) fl8.8p implies that there is no point 
X G X^(Q;B) which specializes to a singular point on Xp. for j = I,-- - ,f -|- 1. 
Hence, every x G X^{Q; B) reduces to a non-singular point on Xp. for every prime 
j = I,-- - ,f + l. 


Consider an irreducible component P(0) of X fl H(0). For each point x G 1^(0) fl 
X^(Q;B), let T’i(x) = Pi be the Fp^-point on Xp^ such that x = Pi (mod pi). 
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By Theorem 13.11 there exists a surface Y[Pi) which contains X^(Q;B,Pi). Thus, 
there exists an irreducible component Px(-Pi) of X fl Y{Pi) which contains x. If 
P(0) 7 ^ Px(-Pi), then put x in a set Z{Pi). Repeat this process for each irreducible 
component P of X fl R(0), to obtain sets Z{Pi) for each Pi G Xp^. By Bezout’s 
Theorem and Theorem 13.11 it follows that for each Pi G Xp^, we have 

#Z(Pi) «, {p-^B^ + logPpi) + logP) (logP)2. 

Write 

Z(p.)= U ^Ti). 

By Weil’s theorem, we have #Xpj = 0(Pi), where it follows that 

#Z(pi) = O, {pI [p^^B^^ + logPpi) {logBf) = O, (p2^(logP)') . 

What remains are irreducible components C of X fl P (0) which are also irreducible 
components of X fl R(Pi) for some Pi G Xp^. Call this collection of curves T^^b 
Notice that by Bezout’s Theorem and Theorem 13.11 we have 

degC < min{d ■ degX(0),(i ■ degX(Pi)} = Od B'^ logB + logPpi)) 

for each C G Td). Observe that Td) is a collection of irreducible components of 
X n F(0), hence 

#rd) < d . deg X(0) = Od {B^ log B) . 

Dehne Z(Qj), 1 < j < t, to be the set of points x G X^(Q; B) such that x ^ Z(Qj_i) 
and P(0) 7 ^ Px(-Pi, • • • ,-Pj)- Notice that 

#Z{Q,) = Od + logPQ,)(logP)2). 

Now dehne Td^ to be the set of curves C of degree 

Od{QfB^\ogB + \ogBQ,), 

such that C G rd”^) and 

C = P(0) = P,(Pi,... ,P,.) 
for some (Pi, • • • , Pj). Observe that we have 

X(Q;B) C IJ CUZ(Q,). 
cerO) 

We now construct Z(Qj+i). Consider an irreducible curve C G Tdb For each point 
X G C n (X^(Q; B) \ Z{Qj))^ we have 

P(0) = Px(Pl) = P 2 ) = ■ ■ ■ = ■■■ .P,)= C. 

There exists a point Pj+i = Pj+i(x) G Xp^.^j such that x = Pj+i (mod Pj+i). 
Hence, by Theorem 13.11 there exists a surface Y (Pi, • • ■ , P,+i) such that x G X 0 
F(Pi, • • ■ ,Pi+i), and 

deg y (Pi, • • ■ , P,+i) = Od + log PQi+i) . 

Set Px(-Pi, • • • , Pj+i) to be an irreducible component of X O X(Pi, • • • , Pj+i) which 
contains x. Put x in the set Z{Pi, • • • , Pj+i) if 

^^x(-Pi, ■■■ :Pj) ^^x(-Pi, • • • , Pj+i), 
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then repeat this process for every point x G C fl (X'°(Q;B) \ Z(Qj)) and for every 
curve in to obtain our sets Z{Pi, • • • , Pj+i) for Pj G Xp.^i = 1, • • • , j + 1. By 
Bezout’s theorem, we have 

(8.10) 

#Z(Pi, • • • , P,+i) = O, (deg y (Pi, • • • , P,) deg y (Pi, • • • , P,+i) 

= o, + (Q7' + Q7+\)P^logPQ,+i + log^PQ,+i) 

= Od log B + log2 PQ,+i) 

Write Z(Qj^i) as 

2 (Sj+i)= U 

Pi^Xp^ 

l<i<j+l 

By Lemma [5.31 we have 

=P] + ^(dVf 

for j = 1, • • • , f + 1. We write this as 

*X,Jp] = 1 + o(d%''^). 

Therefore, for some constant Cii{d) > 0 depending on d, we have 


n#y< 


i=l 


p 


2 — 


(ff(i+y 7 ) 


Ci7{d) 


hence 


i+i 


0+1 


Ci7{d) 


n#Y.<sh. n 0+p 


2=1 


y2=l 


WV2 


Since Qt+i = pi ■ ■ -pt+i -C P’^logP and Pi > logP, there exists a positive number 
Cis{d) such that 

Ci8(d) logP 


log log B 


(8.11) t< 

We now use the inequality 

1 + u < 

which is valid for all u > 0, to obtain 

i+i j+i 

2=1 2=1 

Noting that Pi > logP for i = 1, • • • , j + 1, it follows that 

i+i 


2=1 

Hence, by fl8.1ip . we have 

i+i 


Pi 


-l/2x 


<exp((j + l)(logP)-'/2). 


+ <exp 


2=1 


Cl8(d)(logP)V^ \ 
log log B J 
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n#^..<e,,iexp(^ log log B ’ 

i=l ^ 


Hence, we obtain 

( 8 . 12 ) 

where CiQ{d) = Cn{d)Cis{d). By flS.lOj) . fl8.12p . and Theorem 13.11 it follows that: 

(8.13) #Z(Sj+i) = O, ((B^* + SLi log^ BS,+.) exp 

We write to be the set of irreducible curves C G T^-^^ which are common irre¬ 

ducible components of X fl F(Pi, • • • ,Pj) and X fl F(Pi, • • • , Pj+i). For each curve 
C G we have 

degC = Od logP + logPQ,+i) . 

By fl8.9p and fl8.13l) . we see that 

#Z(Qi+i) =oJ B"*(logB)Nxp /'Ci9W(>ogS)"'A 


(8.14) >-o-, loglogB J 

We write F = F(*+^b If C G F, then the hypothesis of the first half of Theorem 13.11 
applies, whence 

degC = Od(logP). 

We put the sets Z(Qi), ■ ■ ■ Z(Qt^i) together to form the exceptional set: 

t+i 

£ = ljz(aj). 

j=i 

Then (18.lip and (I8.14p imply that: 

(8.15) #S = Od (P^’^exp ((logP)^/Vloglog^) (logP)^(loglogP)"^) . 

We now turn our attention to the set F. Since 4I"T does not exceed the number of 
irreducible components of X fl F(0), it follows from (18.6p that 

(8.16) #F = Od,e . 

By construction, it follows that 

(8.17) P(/; P^ P) < #^ + # IJ C(Q; B). 

cer 

For C G F, C is a component of F(Pi, • • • , Pt+i) for some (Pi, • • • , Pt+i)- Thus, it 
follows from Bezout’s theorem that 

(8.18) degC < degX ■ degF(Pi, • • • ,Pt+i) = Od(logP). 

Let G* be a primitive form which defines F(Pi , • • • , Pt+i)- By (18.711 and case a) of 
Theorem 13.11 we also have 

log||G*|| = log(P(F(Pi, • • ■ , Pi+i))) = O (d'(logP)3) . 

Consider a point (a:, y, v, z) G C. Rearranging (18.3p to obtain the substitution v = 
f{x,y)/z^, we can write 


G*{x,y,v,z) = G* x,y, 


f{x,y) 
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If G*{x,y,v, z) has a v term, then we may replace the n’s with f{x,y)/z^ to obtain 
a form over P(l, 1, 2). If G does not have a term containing v, then no substitution 
is necessary and we again obtain a form over P(l, 1, 2). 


By our choice of G*, it follows that each monomial that appears in G* with a non¬ 
zero coefficient has the same weighted degree I with respect to the weight vector 
(1, l,d — 2k, 2). Consider a monomial z'^'^ that appears in G* with non-zero 

coefficient. After the substitution, we obtain 


X^ly<^2 


f{x,y) 


as 


y»4 


Expanding f{x,y) and recalling that / is a binary form of degree d, it follows that 
each monomial which appears in the expansion f{x,y)'^^ has degree da^. Now, we 
multiply by a large power of z, say z^, so that 


z^G* 



f{x,y) 

zk 



is a polynomial in x, y, z. Each monomial that appears in z^x^^y‘^^{f{x,y)/z'^)^^z’^^ 
has weighted degree 


2L -|- Oil Oi2 doi^ — 2fco3 -|- 2ci4 — 2L 1, 

so z^G*{x, y, f{x, y)/z^, z) is a polynomial over P(l, 1, 2). Further, if we choose L to 
be minimal, then L < kl. We call the new polynomial G{x,y,z). Observe that 

\og\\G\\=\og\\G*\\+0,{l\og\\f\\). 

We may now suppose that B is chosen sufficiently large so that log||/|| < logS. Then 
we obtain 


(8.19) ||G||=04log^i?). 

Note that the curve C corresponds naturally to a component C of the curve G{x, y, z) = 
0. If C' is reducible, we consider each irreducible component separately, noting that 
there are at most OdiJogB) components by Bezout’s theorem and (18.181) . Thus, we 
may consider each irreducible component C" of C. There are two situations. First, C" 
may be irreducible over Q, but reducible over Q. In this case, the rational points on 
C" are preserved under the all elements of Gal(Q/Q), but C” has a conjugate which 
is also a component of C, whence C"(Q) corresponds to the rational points in the 
intersection of two curves each of degree OdiJogB); so by Bezout’s theorem, it follows 
that 

#C"(Q) = 0,(log2i?). 

We suppose now that C corresponds to a Q-defined and geometrically integral com¬ 
ponent of G, which we call Q. Hence we have 

C O Q{x,y,z) = 0. 

By Proposition B.7.3 in [26] and fl8.19p . we have 

iog||6;|| = 0, (log^s). 

We write 

0(x, y, z) = Gi(x, y) + zG 2 {x, y, z), 
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where Gi{x,y) consists of all monomials in Q which only contains x and y. Observe 
that since Q G P(l, 1, 2 ) that Gi is homogeneons in x and y. We then consider several 
sitnations. 


Let Li denote the set of cnrves C G L snch that f{x,y) and Gi{x,y) are coprime. If 
xy = 0 , say y = 0, then 

/(a;,0) = vz'^ 

implies that divides the leading coefficient of x^^. Thus, vz’^ < |1/||, and since 
B > ll/ll, it follows that no point with xy = 0 can he in X^(Q; B). Write f{x, y) = 
y‘^f{x/y,l) and Gi{x,y) = y^^^'^^^'>Gi{x/y,l)- Further, write h{x) = f{x,l) and 
g{x) = Gi{x, 1). There exist polynomials a{x),b{x) G h[x] and such that 

a{x)h{x) +b{x)g{x) = Res{h,g), 

where Iies{h,g) is the resultant of h and g, see [9]. Homogenizing the equation, we 
obtain 

a'(x, y)f{x, y) + b'{x, y)Gi{x, y) = ny^, 

where e is the least positive integer such that the left hand side is a binary form. 


Since z\Gi{x,y) and z\f{x,y), it follows that z\ny^. However, recall from Section 
[7] that z is a prime not smaller than and since y G [1, B], it follows that 

z\n. The resultant Res{h,g) is bounded by 

\Res{h,g)\ < (d + deg 6 ; + l)!(||/|| ■ 

Hence, the number of prime divisors dividing n of size at least B‘^{\ogB)~^ is at most 

We can now argue as in Greaves PI- By (18.11) . we have that z is in fact a prime. 
Thus, there are at most d solutions to the congruence 


f{u, 1 ) = 0 (mod z). 

By (OD, we have 

f{x,y) = 0 (mod 2 ;), 

and since xy ^ 0 (mod z), there exists ca 7 ^ 0 such that x = ojy (mod z). For each 
such uj, Lemma 1 in Greaves [H] gives that there are at most 

— + 0{B) = 0{B) 
z 

such solutions. Thus for each z, there are at most d ■ 0{B) = Od{B) many points in 
X(Q; B) corresponding to a point on a curve C G Fi. Since there are Os{B^) choices 
for z and 

choices for C G Fi, it follows that 

(8.21) #W^(Q; B) n IJ C = Od,e (5’^+'+"). 

ceFi 
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Next, consider the curves r 2 C F consisting of those C G F such that f{x, y), Gi(x, y) 
are not co-prime. As we have chosen / to be irreducible, this implies that f{x, y) 
divides Gi{x,y). By our choice of Q, the degree of Q is at least d and at most 

Od(logi?). 

We write I = degC = deg^. We calculate the corresponding quantities a^, ay, with 
respect to the monomial ordering <. Suppose that x°‘^y°‘^z°'^ is the leading monomial 
in Q with respect to reverse lexicographic ordering. In particular, we must have 


c^x "h C(y d' 2cr^ — I, 


since ^ is a polynomial over P(l, 1, 2) of weighted degree 1. Further, we have 


and 


Hence, 


ax 


I — ax 
21 


ay — 


I — ay 
21 


az 


I — 2az 
4/ 


1 ( {4+^)1 —2ax—^ay—‘^Poiz 
jDCLx jDOsy ryaz _ f^4\ I 

■‘-^x -‘-^y ^ 

l/ (2+^)^ + 2a^(2-/3) \ 

= BG i ). 


Write 

( 8 . 22 ) 


qj = 


(2 -|- f3)l -|- 2az{2 — (3) 

P ■ 


Observe that the W in Theorem 13.11 corresponds to the quantity . 


Now we argue as in [21]. If x G P(l,l,2) is a singular point on C, then x is a 

dQ 

common zero of Q and , hence x lies on the intersection 

ox 


CnC, 


where C is the zero-locus of ——. 

ox 

on C is at most 


By Bezout’s theorem, the number of singular points 


(8.23) 


Od (log's). 


It remains to consider non-singular points on C. Suppose z G C^(Q; B) is non-singular, 
but reduces to a singular point modulo p for some prime p. Then, we must have p 
divides 

dg dg dg 

However, z is non-singular, so one of the partial derivatives above is non-zero. We 

dg 

may suppose, as we may, that ^(z) ^ 0. Since 

Jb 

ag 


<^di\\g\\B^-\ 
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it follows that 


#>>25'^ :p|^(z) } 


nog||g||i? 
log 2 + tl' log B' 


Choose C 2 o{d) to be a number which depends on d and gives an upper bound for the 
inequality above. Now set 

■C'2o(d)nog||^||5' 


n = 


< log" B, 


log 2 + \[' log B 
where the implied constant is absolute, and 

qi < ■■■ <qn 

to be the hrst n primes larger than 2B^. Then there exists j with 1 < j < n such 

that qj \ — — (z), so z will reduce to a non-singular point on By Theorem 13.11 and 
ox ^ 

the theorem of Weil [30] , there exist 

R = 0{qn) B'^+^ 

forms Qi, - ■ ■ ,Gr of degree log 5) = Od(log^ B), dehning curves W, • • • , such 
that C ^ W for j = 1, • • • , R, and 


R 


( 

'^non-singular V 


•i B) c [J y,. 

j=l 

By Bezout’s Theorem, (I8.23p . and Theorem 13.11 we have the bound 


#C^(Q;B) = Od,e _ 


Further, we have 


If /3 > 2, then certainly 
hence 


o log log ^ ^ I log(ll/IM) 

logS ~ k \ogB 

2-/9<0, 

2«,(2-/3) <0, 


so we obtain the upper bound 

and if /9 < 2, then 


log log B 


0 < 2-/3 < 


logS 


2az{2 — p) 2a.z (log log B/ log B) 

B ^ B 


2<y.z 

= (log 5)^ 

< (log5)C 


Therefore, we obtain 
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as 2az < /. This again implies that 

Since I > d and (3 < d/k + log((i||/||)/logS, it follows that 

Since fc > 2, it follows that 

Combining these estimates, we obtain 

(8.24) #X^(Q; B) n IJ C = Od,e . 

cgr2 

By fl8T5ll . flSTHH . fICTll . and flCTH . we have 

(8.25) #X^(Q; B) = Od,e + 5^+^+" + . 

Since we may assume d > 6 by Greaves [H], we obtain 

(8.26) #^^(Q; B) = Od,e (5^’^+" + . 

It remains to determine the infimum oi k/d for 'ip <1 and for (3 in the range 


log log .S log(||/||d) 

log 5 ~ k logi? 


Let us analyze the expression 


(8.27) 


d — k/3 f3 
d-2k ^ 2 


as a function of /3. Its derivative is given by 

—k d — Ak 

d-2k ^2~ 2{d-2ky 

which is negative whenever k/d > 1/4. Therefore, by fl7.ip . fl8.27p viewed as a function 
of (3 is decreasing. Thus, for any 


0 < r; < 


log log B 
\ogB 


with 

2-t]< I3<2, 

we have 


d — ky (3 ^ d — k{2 — rf) 2 
d-2k ^ 2 - d-2k ^ 2 


= 2 + 


krj 

d — 2k 


^ fcloglog.B 

“ {d — 2k)\ogB' 
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Choose B sufficiently large so that 

'2{d-2k)^ 


(8.28) 


d 


k log log B 
{d — 2k) logS 


< e. 


Let X = k/d. Then, by fl8.28p and the condition -0 < 1, we have 


i ( 2(1 - 2 A )'''" (^1 + 


d — 2k 


d-2k ' 2 
We are left to consider the inequality 

3V1-2A 

x/2 


+ — ) + £ — —^\/l — 2A + £■ < 1. 


< 1 . 


1 -2A < 


9’ 


This is equivalent to 
which gives 

This completes the proof of Theorem 11.11 by virtue of fl7.1|) . 


-4 


9. Another proof of Browning’s theorem 

In this section, we give another proof of Browning’s theorem in [6]. It illustrates 
the differences between our approaches to the determinant method. In Browning 
combined elements of the “affine determinant method” introduced by Heath-Brown 
in |22] and Salberger’s global determinant method in |15] to prove his result, which is 
stated below as Theorem 19.11 Heath-Brown had already shown in [22] that his affine 
determinant method could be applied to study integral points on the variety dehned 
by 

f{x) = yz’^, 

where f{x) is a polynomial with integral coefficients of degree d. More specihcally, 
for irreducible f{x) G Z[a;] of degree d with no hxed /c-th power divisor, Heath-Brown 
proved that / takes on inhnitely many k-free values whenever k > {3d -|- 2) /4. Brown¬ 
ing improved on this slightly by showing that Salberger’s arguments in [13] can be 
adopted to augment the affine determinant method to sharpen the above result to 
k > (3d+ l)/4. 


We show that our version of the determinant method, detailed in Sections [2] to [H 
can also be used to obtain the same result. It is interesting that these two different 
versions of the determinant method lead to the same conclusion. 


For convenience, we state Browning’s theorem again: 

Theorem 9.1. (Browning, 2011) Let f{x) G Z[a:] be an irreducible polynomial of 
degree d> 3. Suppose that k > {3d + l)/4. Then, we have 

4f{n G Z n [1, B] : f{n) is k-free} ~ Cf^kB 

as B ^ oo, where Cf^k A defined as in eguation 
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We first establish some preliminaries analogous to Section [71 Recall that we stated, 
in equation fll.hp . the notation < x < B : f\x) is fc-free}. We dehne 

N{f-h,B) = j^{l<x<B-.h^\f{x)}. 

From elementary properties of the Mobius function, we have 

CO 

b=l 

We also have the formula 

N(f;b,B) = p,{b’‘) ('|+0(l)j, 

where as we recall from Section [H Pf{m) counts the number of congruence classes 
modulo m for which / vanishes modulo m. Browning [6| obtains the estimate 

Pf{b^) = om 

whenever b is square-free, and so we obtain 

N{f;b,B)=B^I^ + 0(b‘). 

We thefore conclude that 

(9.1) NfMB) = B Y, E mN(S-,h,B) + o(B), 

where 5 is a small positive constant. 

Dehne the quantity 

B{0 = G Z n [1, R] : 3b > ^ s.t. b'‘\f{x) and p‘^{b) = 1} 
for any > 1. Using the assumption of the theorem that k > 3d/4 > 1, we hnd 

(9.2) Nf^kiB) = Cf^kB + o{B) + 0{E{B^-^)). 

We now proceed with the proof of Theorem 19.11 

Proof. The discussion above essentially reduced the proof of Theorem 19.11 to obtain¬ 
ing a satisfactory upper bound for the quantity We hrst homogenize our 

polynomial / to obtain a binary form E{x,y). As in the proof of Theorem II. 11 we 
write H = B^, where 

1 — 6 < (3 d/k. 

We then apply Theorem 13.11 with the weight vector (1, l,d — k, 1) and the box B = 
(R, 1, H, 0{B'^/H^)) to the variety dehned by 

A : E{x,y)-vz^ = 0. 

Note that this is a weighted projective surface. By Theorem 13.11 we obtain that all 
points counted by R(R^“^) he on an auxiliary curve C of degree 
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which assumes its maximum value ai (3 = 1 — 5. Then, as per our analysis in the 
binary form case in Section El we deduce that we can partition C fl X into a collection 
of 

geometrically irreducible curves T, and an exceptional set £ consisting of 


/ / d-k 

Od,e I Bi — 


,1/2/ 


-0)+e 


points. By [27], we may assume that d > 3, and as we have shown in Section El the 
contribution from each irreducible curve D G T is no more than 


O 


d,e 



hence it suffices to take d, k to satisfy 


f d — kfd 
\d-k 



< 1 


for (3 = 1 — 5, with 5 > 0 approaching zero. This is satisfied when k/d > 3/4, which 
is equivalent to fc > (3d + l)/4. This completes the proof of Theorem 19.11 □ 


10. Proof of Theorem 11.21 

In this section, we give a proof of Theorem 11.21 Much of the argument remains 
unchanged from that given in [48] . 


First, we note that while we deal with irreducible binary forms in this section, the case 
with / reducible is not too problematic. Indeed, we can adapt the same argument 
from Greaves [18] or Stewart-Top [48] and use the Chinese Remainder Theorem to 
show that it suffices to examine the error term coming from each irreducible compo¬ 
nent. Thus, it suffices to assume that / is irreducible of degree d. 


Let R be a positive real number. For any value 0 < d < 1 and for any non-zero 
integer h, let us write 

s{h) = JJ \h\-\ 

p<B^ 

where D denotes the discriminant of /. Write U to be the set of pairs (a, b) G 
such that the only primes dividing gcd(a, 6) are those that divide 2). Now, define 

S{0,A)^ n ^{f(a,b)). 

ia,b)eu 

One can estimate S{6,A) in exactly the same way as in [48] (note that in [48], they 
wrote u instead of A). In particular, by Section 6 of Stewart-Top [48], we have the 
estimate 

^(d,/4) < 

As a consequence, we see that the number of pairs (a, h) eU such that |s(/(a, 6))| > 
is at most 40ddAT Now, we may argue as in Lemma 2 of [44] that if h and b 
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are integers such that \h\ < and 1 < b < A, then there are at most d integers a 
with /(a, b) = h. Hence, the number of pairs of integers (a, b) with 1 < a,b < A and 
I/(a, 6)1 < is at most 

3dA^^^. 

Set 9 = C/,fc/120(i. Dehne T to be the set of integers (a, b) with 1 < a, 6 < H, /(a, b) 
is /c-free, |/(a, b)\ > A}l‘^^ and s(/(a, b)) < A^/^. By Theorem II.11 and our choice of 6 ^, 
we have that there exist constants € 22 , <^23 > 0 , which depend on / and k, such that 
whenever A > C 22 , we have 

(10.1) #T > ^C23A^. 

We invoke the work of Stewart in [U] on estimating the number of solutions to Thue 
equations. Recall that for any integer h, u(h) denotes the number of distinct prime 
factors of h. Let h be an integer for which there exists (a, b) ^ T such that 

(10.2) f(a,b) = h. 

Write h = s(/(a, b))-g. Since by assumption we have s(/(a, b)) < A^^^ and |/(a, b)\ > 
it follows that |s(/(a, 6 ))| < and consequently, If A is chosen 

to be greater than and \h\ > | 2 )|^^, then choosing e = 1/12 and applying 

Corollary 1 of [H] we obtain that the number of solutions to equation fll 0 . 2 p is at 
most 

Observe that trivially we have the bound 

(10.3) l/(a.4)l<o!||/||T. 

Note that by construction, the prime divisors of g either divide 2? or satisfy |/(a, b) > 
A^. Hence, by choosing A so that A^ > d||/||, we have 

uj { g ) ^ ^(25) + (d + l)/d. 

The second term on the right hand side in the above equation is from the worst 
case, where each prime p such that |/(a, 6 )|“^ > A^ divides f{a,b) with multi¬ 
plicity one. If there are more than {d + 1)/6 of such primes, then we will have 
|/(a, 6)1 > which yields a contradiction to equation fllO.Sp as we 

chose A > A^ > d||/||. Hence, there exist constants 024,025 such that if H > O 24 , 
then the number of distinct pairs (a, 6 ) G T is at least 025^^. 

To hnish the proof of the theorem, let R be a real number with B > d||/||024 and 
write A = (i?/d||/||)^/'^. Note that A > O 24 . With this choice of H, we have that 
whenever (a, 6 ) G T, we have |/(a, 6 )| < B. Hence, 

Rk(B) > #r > c^{Bid\\f\\Yi\ 


which completes the proof of Theorem 11.21 










40 


STANLEY YAO XIAO 


References 

[1] T. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, 1998. 

[2] E. Bombieri, J. Pila, The number of integral points on ares and ovals, Duke Mathematical 
Journal, (2) 59 (1989), 337-357. 

[3] E. Bombieri, J. Vaaler, On Siegel’s lemma, Inventiones Mathematicae, 73 (1983), 11-32. 

[4] N. Broberg, A note on a paper by R. Heath-Brown: “The density of rational points on curves 
and surfaces”, J. reine angew. Math. 571 (2004), 159-178. 

[5] T. D. Browning, Quantitative Arithmetic of Projective Varieties, Progress in Mathematics, 277 
(2009). 

[6] T. D. Browning, Power-free values of polynomials. Arch. Math. (2) 96 (2011), 139-150. 

[7] T. D. Browning, D. R. Heath-Brown, P. Salberger, Counting rational points on algebraic vari¬ 
eties, Duke Mathematical Journal, (3) 132 (2006), 545-578. 

[8] D. A. Cox, J. B. Little, D. O’Shea, Using Algebraic Geometry, Revised Second Edition (2005), 
Springer-Verlag. 

[9] D. A. Cox, J. B. Little, D. O’Shea, Ideals, Varieties, and Algorithms, Third Edition (2007), 
Springer-Verlag. 

[10] D. A. Cox, J. B. Little, H. K. Schenck Toric Varieties, Graduate Studies in Mathematics, 124 
(2011), American Mathematical Society. 

[11] 1. Dolgachev, Weighted projective varieties. Group Actions and Vector Fields (1982), Springer. 

[12] D. Eisenbud, J. Harris, The Geometry of Schemes, (2000), Springer-Verlag. 

[13] P. Erdos, Arithmetieal properties of polynomials, J. London Math. Soc. 28 (1953), 416-425. 

[14] P. Erdos, K. Mahler, On the number of integers which can be represented by a binary form, 
J. London Math. Soc, 13 (1938), 134-139. 

[15] M. Filaseta, Powerfree values of binary forms. Journal of Number Theory 49 (1994), 250-268. 

[16] W. Fulton, Intersection Theory, Springer-Verlag 1984. 

[17] A. Granville, ABC allows us to count squarefrees. International Mathematics Research Notices, 
9 (1998). 

[18] G. Greaves, Power-free values of binary forms, Q. J. Math, (2) 43 (1992), 45-65. 

[19] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52 (1977), Springer-Verlag. 

[20] R. Hartshorne, Deformation Theory, Graduate Texts in Mathematics 257 (2010), Springer- 
Verlag. 

[21] D. R. Heath-Brown, The density of rational points on curves and surfaces. The Annals of 
Mathematics (2) 155 (2002), 553-598. 

[22] D. R. Heath-Brown, Counting rational points on algebraic varieties. Analytic number theory, 
5195, Lecture Notes in Math., 1891, Springer, Berlin, 2006. 

[23] D. R. Heath-Brown, Sums and differences of three k-th powers. Journal of Number Theory, 129 
(2009), 1579-1594. 

[24] D. R. Heath-Brown, Powerfree values of polynomials, Q. J. Math, (2) 64 (2013), 177-188. 

[25] H. A. Helfgott, On the square-free sieve, Acta Arithmetica, 115 (2004), 349-402. 

[26] M. Hindry, J. Silverman, Diophantine Geometry: An Introduction, (2000), Springer-Verlag. 

[27] C. Hooley, On the power free values of polynomials, Mathematika 14 (1967), 21-26. 

[28] C. Hooley, On the power-free values of polynomials in two variables. Analytic number theory, 
235-266, Camb. Univ. Press, 2009. 

[29] C. Hooley, On the power-free values of polynomials in two variables: II, Journal of Number 
Theory, 129 (2009), 1443-1455. 

[30] S. Lang, A. Weil, Number of points of varieties over finite fields, American Journal of Mathe¬ 
matics, (4) 76 (1954), 819-827. 

[31] O. Marmon, A generalization of the Bombieri-Pila determinant method. Proceedings of the HIM 
trimester on Diophantine equations. Journal of Mathematical Sciences 171 (2010), 736-744. 

[32] O. Marmon, The density of integral points on hypersurfaces of degree at least four, Acta. Arith. 
141 (2010), 211-240. 

[33] O. Marmon, Sums and differences of four k-th powers, Monatshefte fur Mathematik, (1) 164 
(2011), 55-74. 



POWER-FREE VALUES OF BINARY FORMS AND THE GLOBAL DETERMINANT METHOD41 


[34] D. MacLagan, Notes on Hilbert schemes, http://homepages.warwick.ac.Uk/staff/D.Maclagaji/papers/Hilbei 

[35] D. Mumford, The Red Book of Varieties and Schemes, Lect. Notes Math., 1358, Springer- 
Verlag, 1988. 

[36] R. Murty, H. Fasten, Counting square free values of polynomials with error term. International 
Journal of Number Theory, (7) 10 (2014), 1743-1760. 

[37] M. Nair, Power free values of polynomials, Mathematika 23 (1976), 159-183. 

[38] M. Nair, Power free values of polynomials II, Proceedings of the London Mathematical Society 
(3) 38 (1979), 353-368. 

[39] B. Poonen, Squarefree values of multivariate polynomials, Duke Math. J., (2) 118 (2003), 353- 
373. 

[40] J. Pila, Integer points on the dilation of a subanalytic surface, Q.J. Math., (2) 55 (2004), 207- 
223. 

[41] M. Reid, Graded rings and varieties in weighted projective space, 
http://homepages.Warwick.ac.uk/-masda/surf/more/grad.pdf, 

[42] G. Ricci, Riecenehe aritmetiehe sui polynomials. Rend. Circ. Mat. Palermo 57 (1933), 433-475. 

[43] J. B. Rosser, L. Schoenfeld, Approximate formulas for some functions of prime numbers, Illinois 
J. Math., (1) 6 (1962), 64-94. 

[44] P. Salberger, On the density of rational and integral points on algebraic varieties, J. reine 
angew. Math. 606 (2007), 123-147. 

[45] P. Salberger, Counting rational points on projective varieties. Preprint 2009. 

[46] R. Stanley, Some restricted weighted sums. MathOverflow, 2012. URL (accessed on 2014-05-22): 
http://mathoverflow.net/questions/90381/some-restricted-weighted-sums, 

[47] C. L. Stewart, On the number of solutions of polynomial congruences and Thue equations. 

Journal of the American Mathematical Society, (4) 4 (1991), 793-835. 

[48] C. L. Stewart, J. Top, On ranks of twists of elliptic curves and power-free values of binary 
forms. Journal of the American Mathematical Society, (4) 8 (1995), 943-972. 

[49] M. Walsh, Bounded rational points on curves, Int. Math. Res. Notices, (2014), 1-15. 

University of Waterloo, Dept, of Pure Mathematics, Waterloo, ON, N2L 3G1, 

Canada 

E-mail address: y28xiao@uwaterloo . ca 


